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An ultrametric model to build a Composite
Indicators system

Un modello ultrametrico per costruire un sistema di
indicatori compositi

Carlo Cavicchia, Pasquale Sarnacchiaro, Maurizio Vichi and Giorgia Zaccaria

Abstract In the last years, the use of composite indicators has consistently in-
creased, and the necessity to build model-based composite indicators with a strong
methodological statistical approach becomes more and more important for reasons
of trustworthiness. In this paper, we propose to build a composite indicators system
able to measure different levels of relations among (group of) variables according
to an ultrametric form which detects a hierarchical structure upon (group of) vari-
ables. Each dimension is measured as a specific composite indicator which reflects a
subset of variables. In order to show its potential and applicability, the methodology
is employed to analyze a dataset which contains variables about separated waste
collection in Italy taking into consideration both its performance and its costs.

Abstract Negli ultimi anni I'utilizzo di indicatori compositi é costantemente cresci-
uto, e la necessita di costruire degli indicatori compositi model-based con un forte
approccio statistico e sempre pint importante per motivi di fiducia. In questo arti-
colo proponiamo di costruire un sistema di indicatori compositi che possa misurare
diversi livelli di relazioni tra (gruppi di) variabili seguendo una forma ultramet-
rica che individui una gerarchia sulle (gruppi di) variabili. Al fine di mostrare il
suo potenziale e la sua applicabilita, la metodologia ¢ applicata per analizzare
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un dataset che contiene variabili riguardo la raccolta differenziata in Italia con-
siderando sia le sue prestazioni che i suoi costi.

Key words: Latent variable model, Hierarchical model, Model-based, Latent con-
cept, Statistical estimation

1 Introduction

Composite Indicators (CIs) are non-observable latent variables which consist of the
aggregation of observed variables into a single non-observable index according to
an underlying model for the multidimensional concepts [7, 8]. A CI is therefore a
mathematical (weighted) combination of variables that generally is subject to sev-
eral choices by the researcher [2]. CIs are able to summarize a big amount of infor-
mation and for this specific feature they are very useful to measure multidimensional
phenomena by potentially highlighting different levels of synthesis. However, the
methods for CIs’ construction are often criticized since they are not considered sta-
tistically rigorous or based on theories with solid foundations [6], thus, they might
lead to misleading results and interpretations. This accounts for building ClIs via a
model-based approach.

In this paper, we propose to build a CIs system able to measure different levels
of relations among (group of) observed variables according to an ultrametric struc-
ture [3, 4]. This structure allows describing multidimensional phenomena which are
characterized by nested latent concepts having different levels of abstraction, from
the most specific to the most general. In detail, internal consistent concepts are built
and eventually aggregated from the most concordant ones to the most discordant.
The proposal therefore detects a hierarchical structure upon variables.

In order to show its potential and applicability, the methodology is employed
to analyze a dataset which contains variables about separated waste collection in
Italy taking into consideration both its performance and its costs. This topic results
crucial nowadays since many States are still land-filling huge amounts of munic-
ipal waste — the worst waste management option — despite the existence of better
alternatives, and notwithstanding structural funds being available to finance better
options. It is thus worth investigating how to measure the goodness and affordabil-
ity of a waste management service via a system of CIs which assess each latent
concept included in its definition. The number of information and statistics about
waste management is larger and larger. For instance, Cavicchia, Sarnacchiaro and
Vichi [1] detected which dimensions have an impact on the waste management in
EU building a general composite indicator based on three specific composite indica-
tors: recycling and circular economy performance, generation of recyclable waste,
and private investments and innovation.
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2 Methodology

CIs are able to reduce complex phenomena to a unique measure which results easier
to interpret and might be used during the policy-making process. Notwithstanding
their usefulness, it might be important to use both a set of specific indicators and a
unique aggregated index. This means that a complex reality must be represented at
different levels of abstraction and synthesis which might help to understand better
the specific characterizations of the phenomenon that is being studied. The aggre-
gated CI is the result of an entire hierarchy which starts from Q internal consistent
latent concepts, in turn the hierarchy is provided by the ultrametric structure that re-
constructs the main relationships among the variables. In other words, the hierarchy
is composed of nested dimensions characterized by distinct levels of abstraction.

The different levels of the hierarchy are reconstructed thought four matrices: 1)
a p x Q membership matrix V, which represents the membership of each variable
to a group where p is the number of the observed variables; 2) a diagonal matrix S”
of order O, whose main diagonal represents the variance of each group; 3) a diag-
onal matrix S% of order 0O, whose main diagonal represents the covariance within
each group; 4) a ultrametric matrix S% of order Q, whose diagonal entries are set
to zero and off-diagonal ones represent the hierarchical relationships among pairs
of concepts. Whereas the Cls are built as the score vectors which best reconstruct
the data matrix. The model-based approach which characterizes this hierarchy and
this system of CIs guarantees to optimize an objective function in the least-squares
framework.

The proposal extends the work by Cavicchia, Vichi and Zaccaria [5] by also re-
constructing the covariance structure of the observed variables via an extended ultra-
metric covariance matrix [4]. However, the proposed method preserves the feature to
obtain a reduced number of latent concepts which are quantified by maximizing the
explained variance. These two goals are reach by minimizing a common objective
function.

3 Application

The data used in this application about the separated waste collection are from dif-
ferent sources: Eurostat, Joint Research Centre (JRC) and Istituto Superiore per la
Protezione e la Ricerca Ambientale (ISPRA). It is worth observing that the observed
variables used in this paper - namely, Cost of separated waste collection and trans-
port, Cost of separated waste treatment and recycle, Organic waste collection, Paper
waste collection, Glass waste collection, Metal waste collection, Plastic waste col-
lection and Percentage of separated waste over the total waste - are regularly updated
and free. Two variables represent the costs of the separated waste while the other six
variables express the performance of it. In detail, we include in our analysis only the
largest 40 Italian municipalities for comparability reason and we use the size pop-
ulation (i.e., number of inhabitants) and the size of waste produced (i.e., weight in
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kilograms) to normalize the variables yet Percentage of separated waste over the
total waste. This choice allows us to conduct two different analyses: one regarding
the efficiency of the separated waste collection and one regarding the efficacy. A
few steps of pre-processing are taken into consideration: the few missing data are
Missing Completely at Random (MCAR) and therefore imputed by the K-nearest
neighbors method by setting K = 4 and by using the Euclidean distance; and the
variables are then standardized.

The motivation of this study lies on the assumption that it is crucial to combine
the information from the costs and the performance to provide a support for Ital-
ian municipalities’ actions and policies. The information from these two aspects, if
measured separately, might be either misleading or limited. The research aims at
searching other important latent concepts which might be present withing the main
two, namely, costs and performance.

4 Conclusion

This paper provides a model-based approach to build a CIs system able to pinpoint
a hierarchy and the quantification of the latent concepts which compose it. Further-
more, this study presents a useful tool to measure the separated waste collection in
Italy together with its main aspects, by identifying the most important relationships
among variables. The goal is to provide both a methodological contribution to the
construction of CIs literature and a support for Italian municipalities’ actions and
policies.
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